Different forms of bursting oscillations with frequencies from a few MHz to hundreds of MHz separated by intervals of no activity have been observed experimentally for an optical parametric oscillator ͑OPO͒ system subject to thermal effects. These oscillations have been simulated numerically using previously derived equations for two interacting transverse modes. In this paper, we investigate one particular case in detail and show that a simple phase-plane analysis explains the bursting cycle. Furthermore, by taking advantage of the values of the parameters, we determine an approximation for the solution of the OPO equations, leading to estimates of the oscillation frequency and of the threshold of the bimode regime.
I. INTRODUCTION
Neurons as well as many other cell types communicate by brief bursts of oscillations separated by quiescent periods during which changes are slow ͓1-3͔. Although specific models describing these bursting oscillations can be complex, they are generally based on the assumption that the phenomenon is caused by a slow variable modulating a rapid oscillatory system. Phase-plane studies where the response of a fast variable is studied as a function of this slow variable have been particularly useful to explain the periodic switching between oscillatory and steady responses ͓4,5͔.
In optics, lasers experiencing passive Q switch can display a similar alternation of pulse trains and periods of slow activity ͓6-8͔, but their dynamics cannot easily be decomposed in terms of slow and fast variables, which is a prequisite for the occurrence of bursting. Recently, autonomous bursting has been investigated in a CO 2 laser subject to two feedback loops operating on wildly different time scales ͓9͔, however the corresponding oscillations are too complex to be described in terms of a simple two-variable phase plane.
In this paper, we show that such a simple analysis is possible for continuous-wave optical parametric oscillators ͑OPOs͒ subject to thermal effects. OPOs are optical devices based on parametric frequency down-conversion in a nonlinear crystal and are promising sources of coherent light, with interesting applications such as tunable optical frequency generation for high-precision spectroscopy ͓10͔. As many practical lasers, OPOs exhibit a variety of dynamical instabilities, but their dynamics has so far been much less studied. Although periodic and chaotic behaviors have been predicted to occur in cw OPO long ago ͓11,12͔, self-pulsing regimes in experimental systems have been described only recently ͓13-16͔.
In particular, instabilities observed in an OPO at frequencies of a few kHz have been traced back to slow variations of the crystal temperature and successfully described in terms of a simple thermo-optic model ͓14,15͔. Observation of fast oscillations at frequencies in the MHz range has also been reported ͓13,16͔ and a mechanism based on the interaction of two transverse modes ͓17͔ has been proposed ͓16͔. When both effects are combined, these fast oscillations appear in bursts separated by periods of no activity. The main objective of this paper is to propose a simple description of these bursting oscillations.
Our analysis unveils a surprising property of our OPO system. The regime where two cavity modes with wellseparated optical wavelengths jointly oscillate is to a first approximation equivalent to a weakly detuned monomode oscillation. This indicates that, contrary to naive intuition, two-mode operation does not necessarily rely on the near coincidence of two cavity resonances. Thus, these new regimes cannot be neglected when studying frequency selection in OPOs, especially at the high pump powers presently available.
In Sec. II, we describe recent experimental results on these bursting oscillations. Section III introduces the model equations used in Ref. ͓16͔ and describes the numerical simulations in a slow-fast phase plane. The bursting cycle is then explained by studying the bifurcation properties of a reduced system of equations. We note that the bursting oscillations are the result of a slow passage through a subcritical Hopf bifurcation followed by a rapid jump to fast oscillations. The analysis of the bursting cycle in the phase plane encourages further analysis of the reduced problem which we propose in Sec. IV.
II. EXPERIMENTS
The experimental setup is a type-II triply resonant optical parametric oscillator. It consists of a 15-mm-long KTP crystal enclosed in a 47-mm-long cavity delimited by two spherical mirrors with a radius of curvature of 50 mm. The cavity is resonant at 532 nm, the wavelength of the pump laser ͑Coherent Verdi, maximum power 5W͒, and highly resonant at the first subharmonic at 1064 nm, near which two infrared fields ͑''signal'' and ''idler''͒ are generated in the crystal. At these two wavelengths, the cavity finesses estimated from mirror reflectivities and crystal absorption coefficients are of 50 and 540, respectively. When observing the regimes described below, the threshold for parametric oscillation was reached at pump powers of the order of 30 mW, and pump power injected in the cavity was at its maximum value of 3.5 W ͑i.e., about a hundred times the threshold power͒.
Different regimes are obtained as the cavity length is scanned with a piezoelectric transducer over one wavelength of the infrared field: no parametric emission stable parametric emission and thermo-optical instabilities ͓14,15͔, as well as fast oscillations with frequencies from a few MHz ͓16͔ to hundreds of MHz ͓18͔. While fast oscillations do not appear for every cavity geometry, we have observed them at a high pump power for widely different cavity lengths. The instability mechanism was conjectured in Ref. ͓16͔ to be based on the interaction of two transverse modes as described by Schwob et al. ͓17͔ . This interpretation has been recently confirmed by experiments monitoring simultaneously the spatial structure of the output beam and its total intensity ͓18͔.
In many situations, fast oscillations interact with the slow thermal oscillations, giving rise to bursting oscillations. A large variety of bursting regimes can be observed, both with respect to wave form and to oscillation frequency. We present here three examples recorded under the operating conditions described above. Figure 1͑a͒ shows a regime where the slow dynamics alternates between two branches, with fast oscillations appearing on the upper branch through a supercritical Hopf bifurcation and stopping suddenly to return to the lower branch. The low and high frequencies are around 8 kHz and 3 MHz, respectively. In Fig. 1͑b͒ , fast oscillations at 1 MHz are periodically switched on and off, with a characteristic frequency in the 15-20 kHz range. Finally, the wave form in Fig. 1͑c͒ features fast oscillations that start with a nonzero amplitude and occupy the entire time interval where the signal intensity is above zero. The parabolic envelope at the end of the burst suggests that the oscillations are approaching an inverse saddle-node bifurcation. While the low frequency is comparable to the low frequencies observed in Figs. 1͑a͒ and 1͑b͒, the high frequency, with a value of 130 MHz, is much larger than the high frequency displayed in the two other examples.
In this paper, we concentrate on the last case and take advantage of the large value of the high frequency in order to simplify the OPO evolution equations. We generate solutions that are qualitatively similar to the regime of Fig. 1͑c͒ and show how a bursting cycle is possible.
III. THEORY
In Ref. ͓16͔, the fast oscillations of an OPO were successfully simulated using the following equations, which describe the interaction of the pump field with two degenerate signal fields oscillating in two different transverse modes ͓17͔:
A (2) / 1 (2) is the ratio of the nonlinear coefficients characterizing parametric generation for modes 1 and 2. The cross-coupling coefficient 12 is associated to the process in which a pump photon is converted into one photon in mode 1 and one photon in mode 2, and is proportional to an overlap integral between the three fields ͓17͔.
An important assumption supported by the experiments in Refs. ͓14 -16͔ is that the optical length of the crystal slowly changes due to thermal effects. These effects can be taken into account by assuming linear dependences of the detunings with respect to temperature of the form
where ⌬ p and ⌬ j are detunings at room temperature ( ϭ0). The temperature slowly changes due to field absorption in the crystal and its evolution can be described phenomenologically by the following equation for ͓14͔:
Here, Ӷ1 describes the slow rate of change of the temperature and ␣ and ␤ are proportional to the absorption coefficients of the crystal at the wavelength of the pump and of the signal, respectively. If ϭ0, then Јϭ0, meaning that is a constant. This motivates a study of the reduced problem ͑1͒, where is treated as a parameter. Figure 2 shows the bifurcation diagram of the solutions of Eqs. ͑1͒ for a given set of parameters. The figure represents the intensity of the signal I s ϵ͉A 1 ͉ 2 ϩ͉A 2 ͉ 2 as a function of and shows a closed branch of periodic solutions. The lines of maxima and minima are the boundaries of the gray region.
The branch emerges from a first Hopf bifurcation at H1 Ӎ22.5, reaches a limit point ͑saddle-node bifurcation of limit cycles͒ at Ӎ26.5, and then connects a second ͑sub-critical͒ Hopf bifurcation at H2 Ӎ25.7. We next consider 0 and note that the long-time solution of the OPO equations ͑1͒ and ͑3͒ exhibits bursting oscillations that follow the bifurcation diagram of Fig. 2 ͑see Fig. 3͒ . The bursting oscillations for I s (t) and I p (t) are shown in Fig. 4 . In Fig. 3 , the system periodically switches between the branch of zero-intensity steady states and the stable branch of rapid oscillations. Key to the bursting cycle are the subcritical Hopf bifurcation at H2 Ӎ25.7 and the inverse saddle-node bifurcation at the right of the bifurcation diagram, which force the jumps from the lower branch to the upper branch and vice versa. This bursting scenario is relatively rare in the biological or biochemical literature and has been called subcritical elliptic bursting of Bautin type in Ref.
͓19͔. Note that the actual amplitude of is larger than the distance between these two bifurcations because the system changes its state only after a delay.
FIG. 2. Bifurcation diagram of Eqs. ͑1͒
where is treated as a parameter. The intensity I s ϵ͉A 1 ͉ 2 ϩ͉A 2 ͉ 2 is represented as a function of for the interval 22ϽϽ28. The gray region is bounded by the lines of maxima and minima of a branch of periodic solutions connecting two Hopf bifurcation points appearing on the zero solution. Black and white circles denote Hopf and saddle node of limit cycle bifurcation points, respectively. The values of the fixed parameters are Eϭ17.5, 1 ϭ1, 2 ϭ0.7, 12 ϭ0.4, ⌬ p ϭ1.5, ⌬ 1 ϭ12.5, ⌬ 2 ϭ35.5, and ␥ϭ10. 023801-3
IV. ANALYSIS
The phase-plane analysis in Sec. III showed that the bursting oscillations can be understood as a periodic switching between two branches of solutions of a reduced system of equations where temperature is the bifurcation parameter. Its simplicity encourages further analytical studies. As a first step, we consider regimes with a very high fast frequency, such as the one shown in Fig. 1͑c͒ , so that the slow and fast frequencies are well separated. We assume that these regimes are associated with a large value of the beat frequency
which, by definition, is the distance between the resonance frequencies of the two modes ͓16͔. Under this condition, a bursting dynamics is observed when the mean signal detuning
and the pump detuning p are both small with respect to ⌬ s . Physically, this corresponds to the case where the signal carrier frequency p /2 is approximately half-way between the two resonance frequencies ͑see Fig. 4 of Ref.
͓16͔͒, as is the case in the numerical simulation of Figs. 3 and 4. This leads us to carry out an asymptotic analysis of Eqs. ͑1͒ based on the assumption ͉ j ͉ӷ͉ p ͉,͉ s ͉. This analysis is described in detail in the Appendix. The main idea is as follows. Because ͉ j ͉ are large, we note from Eqs. ͑1b͒ and ͑1c͒ that
are rapidly oscillating functions of t. This then suggests to average the OPO evolution equations with respect to these fast oscillations. The averaging is done in the Appendix by using a two-time perturbation analysis. We find that the long-time solution of the system can be described in terms of a monomode OPO model coupling an amplitude a p for the pump field and a common amplitude a s for the two modes: 
Remarkably, Eqs. ͑7͒ do not depend on the separation ⌬ s between the two-mode resonances. We then show that the total signal intensity I s exhibits limit-cycle oscillations of the form
where F i (t) are varying on a slow time scale so that the fast frequency is the beat frequency ⌬ s /2ϭ͉ 2 Ϫ 1 ͉/2, which thus provides a good estimate of the frequency of the bursting oscillations when the two resonance frequencies are well separated. This confirms that our analysis applies to regimes with a high fast frequency such as in Fig. 1͑c͒ .
V. DISCUSSION Figure 1 shows that different forms of bursting oscillations are possible in the OPO. We have examined the simplest case where the rapid bursting oscillations exhibit a large frequency ͓Fig. 1͑c͔͒. This frequency can be estimated analytically by an asymptotic analysis of the OPO equations. Numerically, a simple phase-plane description in terms of one fast variable ͑the intensity of the signal I s ) and one slow variable ͑the temperature ) is sufficient for a description of the bursting cycle. To our knowledge, this is the first attempt for such an analysis for a problem documented experimentally.
Our perturbation analysis also gives some insight into OPO operation. An important result is the fact that the averaged solution is determined by a monomode problem. Since each solution of the complete model ͑1͒ is associated with a solution of this monomode model, many properties of the latter can be extended to the former. In particular, the off state of the monomode model corresponds to the off state of the complete model, and thus the condition of existence of the bimode regime for large ⌬ s involves the threshold of the monomode averaged model ͓12͔:
A remarkable property of Eq. ͑10͒ ͓and of the averaged problem ͑7͔͒ is that it depends on the mean signal detuning s ϭ 1 2 ( 1 ϩ 2 ), but not on the difference ⌬ s ϭ͉ 2 Ϫ 1 ͉ between the two resonance frequencies. This indicates that contrary to naive intuition the two resonance curves need not overlap for the two modes to interact, as long as they are approximately symmetrical with respect to the signal carrier frequency p /2 so that the effective detuning s is small. This was illustrated in the numerical simulation of Fig. 3 , carried out for ⌬ s ϭ23 in units of the resonance half-width. Thus, bimode regimes featuring fast oscillations are expected to be much more common than if near coincidence of the resonances was required, especially at high power. This is consistent with our experiments where such oscillations have been observed relatively easily in a number of different configurations ͓16,18͔. 
APPENDIX
In this appendix, we construct a solution of the OPO equations ͑1͒ by taking advantage of the relatively large values of ͉ j ͉ compared to ͉ p ͉ and ͉ s ͉ϭ
where is a small positive parameter and j are O(1) functions of . An important point in our analysis is the observation that
is an O(1) quantity for the range of of interest. We now seek a solution of the form
where sϵ Ϫ1 t and t are fast and slow time variables, respectively. The assumption of two independent times implies the chain rule A j The terms in the third line of Eq. ͑A13͒ indicate that the intensity is rapidly oscillating with period Tϭ2/͉ 2 Ϫ 1 ͉.
